The universal centralizer of a semisimple algebraic group G is the family of centralizers of regular elements in Lie(G), parametrized by their conjugacy classes. It has a natural symplectic structure because it can be obtained through a Hamiltonian reduction from the cotangent bundle T * G. We consider a partial compactification of the universal centralizer where each fiber is compactified inside the wondeful compactification of G. We show that the symplectic structure on the universal centralizer extends to a log-symplectic Poisson structure on its partial compactification.
Introduction
The universal centralizer Z of a semisimple algebraic group G of adjoint type is the family of centralizers of regular elements of G, indexed by their conjugacy classes. It has appeared as an important technical tool in the geometric Langlands program, in the work of Bezrukavnikov, Finkelberg, and Mirkovic [BFM] and of Ngô [Ngo1] , [Ngo2] . The variety Z can be obtained by a Hamiltonian reduction from the cotangent bundle T * G of G, and this equips it with a natural symplectic structure inherited from the canonical symplectic structure on T * G. The wonderful compactification of G is a distinguished equivariant embedding of G whose boundary is a divisor with normal crossings that encodes the asymptotic behavior of the group "at infinity." It was introduced by DeConcini and Procesi [DP] in the more general context of symmetric spaces, and has come to play a significant role in geometric representation theory through the work of Bezrukavnikov and Kazhdan [BK] , of Drinfeld and Gaitsgory [DG] , and Sakellaridis and Venkatesh [SV] . An overview of its structure can be found in [EJ] .
In this paper we will view the universal centralizer Z as a subvariety of G × S, where S is the Kostant slice-an affine subspace of g that intersects each regular G-orbit on g trasversely and provides a section to the adjoint quotient g → g//G [Kos1] . We will consider its closure Z in G × S, by compactifying every centralizer fiber inside the wonderful compactification. We will show that the symplectic structure on Z extends to a log-symplectic structure on Z, using a Hamiltonian reduction in the Poisson setting from the logarithmic cotangent bundle of G, which has a canonical log-symplectic Poisson structure. In particular, this implies that the partial compactification Z is smooth, even though many of its centralizer fibers are highly singular.
In Section 2, we explain how the universal centralizer Z is obtained from T * G by a Hamiltonian reduction. In Section 3, we introduce the logarithmic cotangent bundle of G, the natural G × G-action it inherits from G, and the moment map resulting from this action. In Section 4, we obtain the closure Z through a Hamiltonian reduction from T * G(− log D). Since T * G(− log D) has a canonical log-symplectic structure, this induces a log-symplectic structure on Z that extends the ordinary symplectic structure on Z. In Section 5, we describe the symplectic leaves of the log-symplectic structure on the logarithmic cotangent bundle.
2 The symplectic structure on the universal centralizer
In this section we obtain the universal centralizer via a Hamiltonian reduction from the cotangent bundle T * G. The same reduction is outlined in [BFM] and in [Tel] .
Let G be a complex semisimple algebraic group, g = Lie(G) its Lie algebra, and g * its dual. The cotangent bundle T * G is equipped with a natural two-sided G × G-action and it can be trivialized under left translation by G:
Under this identification the G × G-action becomes
The bundle T * G has a natural symplectic structure, and the action of G × G is by symplectomorphisms. Identifying g ∼ = g * via the Killing form, the G × G-equivariant moment map is
It is clear that the image of µ ′ is the set of conjugate pairs inside g × g, and the fiber above the point (g · ξ, ξ) is
where G ξ is the centralizer of ξ in G. Let {e, h, f } ⊂ g be a principal sl 2 -triple-that is, a triple of regular elements that generates a copy of sl 2 inside g. Let B ⊂ G be the unique Borel subgroup such that e ∈ b = Lie(B), N ⊂ B its unipotent radical, and denote by n its Lie algebra and by n * the dual of its Lie algebra.
The Killing form identifies n * ∼ = g/b, and we obtain the diagram
The coset (f +b, f +b) ∈ g/b×g/b, which corresponds to a regular character in n * , is fixed by the action of N × N.
Let g e = Lie(G e ) be the annihilator of e in g, and consider the affine space
It is known as the Kostant slice, and it is transverse to the regular orbits of G on g, intersecting each exactly once [Kos1] -therefore, it gives a section of the adjoint quotient
This allows us to make the following definition:
Definition 2.1. The universal centralizer of G is the variety
By Theorem 1.2 in [Kos2] , the action map
is an isomorphism of affine spaces, and so N acts freely on the affine space f + b.
Since N acts freely on f + b, the action of N × N on this fiber is free, and
Moreover, the fiber decomposes naturally as a product N × N × Z under the isomorphism
Then by the Marsden-Weinstein-Meyer theorem the quotient
has a natural symplectic structure inherited from T * G.
3 The Logarithmic Cotangent Bundle of G
The wonderful compactification
Let G be the wonderful compactification of G, and D = G\G its boundary divisor. A detailed survey of its structure can be found in [EJ] , and here we collect only the aspects that will be important in the results that follow. The wonderful compactification G is a smooth variety with a natural G × G-action that extends the left-and right-multiplication inside the group G. It contains a distinguished open affine space X
• , often called the big cell, and G is a union of finitely-many G × G-translates of X
• .
Let l = rk(g) be the rank of g. The boundary D of G is a divisor with normal crossings that has exactly l irreducible components:
It is a union of finitely many G × G-orbits O I , indexed by subsets I ⊂ {1, . . . , l}, in the sense that for every subset I the closure of the orbit O I is
Fix a maximal torus T , a Borel B containing it, and let ∆ = {α 1 , . . . , α l } be the set of simple roots. Let P I be the standard parabolic generated by the simple roots {α i | i ∈ I}, and P The orbit O I fibers over the product of partial flag varieties
with fiber isomorphic to L I /Z(L I ). In each orbit O I there is a distinguished basepoint z I ∈ T ∩ X • , and the stabilizer of this basepoint in G × G is
The logarithmic cotangent bundle of G
We will work with the logarithmic cotangent bundle T * G(− log D) of G. This is the vector bundle associated to the locally-free sheaf of logarithmic differential forms on G-differential forms with poles of order at most one along the boundary divisor D. The pullback of T * G(− log D) to G ⊂ G is the ordinary cotangent bundle T * G. It is proved in [Bri1] , Proposition 2.1.2. that the logarithmic cotangent bundle T * G(− log D) can be identified with a subbundle of the trivial bundle G × (g × g) called the bundle of isotropy Lie algebras. Its fibers can be described as subalgebras of g × g in the following way.
Fix a point x ∈ G and let O = (G × G) · x be its G × G-orbit. The stabilizer Stab G×G (x) acts on the normal space to O at x, and this induces an infinitesimal action of the Lie algebra Stab g×g (g) on the normal space to O at x. We denote by (g × g) (x) the kernel of this action. This is known as the isotropy Lie subalgebra of x ∈ G, and when g ∈ G, we have
Under this identification, the action of
Remark 3.1. Let n = dim(g) and let g ∆ be the anti-diagonal embedding of g into g × g. There is a realization of G inside the Grassmannian Gr(n, g × g) obtained through the embedding
(See [EJ] , Section 3.2.) The wonderful compactification is then the closure of the image of χ inside the Grassmannian. The bundle of isotropy Lie subalgebras, which we have identified with T * G(− log D), is the restriction of the tautological bundle on the Grassmannian to χ(G).
Let p I , p − I , and l I denote the Lie algebras of P I , P − I , and L I respectively. Recall that z I ∈ T ∩ X
• is the basepoint of the G × G-orbit O I .
the subalgebra of pairs of elements in p I × p − I that have the same component in l I .
Proof. The Lie algebra Stab g×g (z I ) acts on the normal space
Since the orbit O I is open and dense in the intersection of the hypersurfaces
the normal space N z I O I decomposes naturally as a sum of lines
where each ℓ i corresponds to the normal direction to the hyperfsurface D i at z I .
The stabilizer
I , x, y ∈ l I , x−y ∈ Z(l I )} preserves each ℓ i , and so it acts on N z I O I by a central character. The kernel of this central character is
Consider the G × G-equivariant projection
This map is studied in [Bri2] and [Kno] , where it is called the compactified moment map because the restriction of µ ′ to T * G ⊂ T * G(− log D) coincides with the moment map µ ′ defined in (2.1).
Proposition 3.3. The image of µ ′ is the variety g× g//G g of pairs of elements in g × g that lie in the closure of the same G-orbit on g.
Proof. By Lemma 3.2,
and so (u + x, v + x) ∈ g × g//G g. Conversely, suppose (x, y) ∈ g × g//G g. Conjugating x and y by appropriate elements g, h ∈ G, we may write them in Jordan normal form
such that s, t ∈ t, n ∈ n, and m ∈ n − . Since x and y are in the closure of the same G-orbit, for any
Proof. Using the Chevalley isomorphism theorem [CG] , let f 1 , . . . , f l ∈ C[g] G be a minimal set of generators for the algebra of G-invariant polynomials on g. The variety g × g//G g has dimension
and is a complete intersection since it is the zero-locus in g × g of the l polynomials g i (x, y) = f i (x) − f i (y):
Moreover, the subset
is a smooth open subset of g × g//G g, because the differentials dg 1 , . . . dg l are linearly independent at every point of g reg × g//G g reg . (See, for instance, Claim 6.7.10 in [CG] .) Since its complement has codimension two, g × g//G g has no codimension-one singularities, and so it is a normal variety.
The partial compactification of the universal centralizer
A log-symplectic Poisson structure on a connected variety X with normal crossing divisor D ′ is a closed logarithmic 2-form ω ∈ Ω 2 (X, − log D ′ ) that induces an isomorphism
Such Poisson structures are generically nondegenerate in the sense that they have a single open dense symplectic leaf. A detailed discussion of logsymplectic structures can be found in [GLPR] . Consider the bundle map
, and the logarithmic cotangent bundle has a natural log-symplectic structure
that restricts to the canonical symplectic structure on T * G, and which is preserved by the action of G × G. Identifying g ∼ = g * via the Killing form, the moment map corresponding to this action is precisely the projection onto the fibers-that is, the compactified moment map µ ′ defined in (3.1).
Restricting to the action of the subgroup N × N ⊂ G × G, and making once again the identification n * ∼ = g/b, we obtain a moment map
and a commutative diagram
Once again we consider the coset (f + b, f + b) ∈ g/b × g/b, fixed by the action of N × N and corresponding to a regular character in n * . The points in the fiber µ
Remark 4.1. In view of (2.3), N × N acts freely on f + b, and so it acts freely on the fiber µ −1 (f + b, f + b) and
is a regular value of µ. In the symplectic case it is well-known that a free action on the fiber above a point implies that this point is a regular value of the moment map. This extends to the more general Poisson case, because the Hamiltonian action of N × N preserves the symplectic leaves of the Poisson structure on T * G(− log D).
Proposition 4.2. The fibers of µ are connected.
Proof. The moment map µ factors through the moment map µ ′ , as in diagram (4.1), and the fibers of the vertical projection are connected, so it is sufficient to show that the fibers of µ ′ are connected. Note that µ ′ is proper, since it is a composition of proper morphisms:
It is shown in Example 2.5 of [Bri2] that the fiber of µ ′ above a semisimple pair is a connected toric variety. Moreover, by Proposition 3.3 and Lemma 3.4 the image of µ ′ is normal, and since the fiber above a generic point is connected, it follows by Stein factorization that every fiber of µ ′ is connected.
Theorem 4.3. There is an isomorphism of algebraic varieties
This gives the partial compactification Z a log-symplectic Poisson structure that extends the symplectic structure on Z.
Proof. By Remark 4.1, the fiber µ −1 (f + b, f + b) is smooth, and by Proposition 4.2, it is connected. Therefore, it is equal to the closure inside T * G(− log D) of its intersection with the ordinary cotangent bundle T * G. But this intersection is precisely
2 }, and so
and this gives an isomorphism
By the Marsden-Weinstein theorem, Z has a natural Poisson structure, which is log-symplectic [GLPR] .
Corollary 4.4. Let ξ ∈ g be a regular element. Then the fiber of the moment map µ ′ at the point (ξ, ξ) is the closure G ξ of the centralizer of ξ in the wonderful compactification.
The symplectic leaves of ω
Any Poisson variety has a natural stratification into symplectic leaves, along with the Poisson form is nondegenerate. In this section we briefly describe the symplectic leaves of the logarithmic cotangent bundle T * G(− log D). The big cell X
• decomposes as a product
where V ∼ = C l is the closure of the maximal torus T inside X • . Let {x ± j } be coordinates on N and N − , and {z i | i = 1, . . . , l} be coordinates on V so that the orbit basepoint z I ∈ O I is z I = (z 1 , . . . , z l ) with z i = 0 if i ∈ I and z i = 1 otherwise, and so that the divisor D at z I is cut out by the equation i∈I z i = 0 . Let {α ± j , σ i } be coordinates on the fiber of T * G(− log D) at z I . In these coordinates, the log-symplectic form ω is given by
The form ω is nondegenerate along the subspace {σ i = 0 | i ∈ I}. The fiber of T * G(− log D) at z I is p I × l I p I , and the set {σ i | i ∈ I} gives coordinates on the center Z(l I ). It then follows that two points (ξ 1 , ξ 2 ), (σ 1 , σ 2 ) ∈ p I × l I p I are in the same symplectic leaf of ω if and only if they have the same component in the center Z(l I ) of the Levi. In other words, if and only if they have the same image in the "universal Cartan" of the parabolic p I :
We obtain the following Proposition. 
